ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES 

ALFREDERIC JOSSE AND FRANQOISE PENE 

Abstract. Given a point S (the light position) in P"^ and an algebraic surface Z (the mirror) 
of P^, the caustic by reflection T,s{Z) of Z from S is the Zariski closure of the envelope of the 
reflected lines TZm got by reflection of (Sm) on Z a.t m £ Z. We use the ramification method 
to identify T,s{Z) with the Zariski closure of the image, by a rational map, of an algebraic 2- 
covering space of Z. We also give a general formula for the degree (with multiplicity) of caustics 
f>f-\ ' (by reflection) of algebraic surfaces of P^ . 
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Let S[xo : Ho : zq : to] G P^ := P(W) (with W a 4-dimensional complex vector space) and let 
Z = V{F) be a surface of P^ given by some F € Sym'^(W^) (i.e. F corresponds to a polynomial 
of degree d in C[x, y, z,t]). The caustic by reflection T,s{Z) of Z from S* € P^ is the Zariski 
closure of the envelope of the reflected lines TZm of the lines {mS) after reflection at m on the 
mirror surface Z. 



Since the seminal work of Tschirnhausen [T3], caustics by reflection of planar curves have 
been studied namely by Chasles [6j, Quetelet [12] and Dandelin ^. Let us also mention the 
work of Bruce, Giblin and Gibson [31 [U [2] in the real case. A precise computation of the degree 
and class of caustics by reflection of planar algebraic curves has been done in [9l \T0\ \TT\ . The 
idea was based on the fact that the caustic by reflection of an irreducible algebraic curve C of P^ 
from source Sq € P^ is the Zariski closure of a rational map, called caustic map, defined on C. 
Moreover, in the planar case, the generic birationality of the caustic map has been established 
00 ' in im SI- The study of caustics by reflection of algebraic surfaces is more delicate. We will see 

OO , that a generic point rn, of ^ is associated to two (instead of a single one) points on £5(2^). This 

is precisely described here. 

C^ . A classical way to study envelopes is the ramification theory. Let us mention that this 

CO ' approach has been used namely by Trifogli in [15] and by Catanese and Trifogli in [5] for focal 

loci (which generalize the notion of evolute to higher dimension). We use here the ramification 
theory to construct the caustic by reflection T,s{Z) and to identify it with the Zariski closure 
^ I of the image, by some rational map $, of an algebraic 2-covering space Z of Z. We will see 

^ • that, contrary to the case of caustics by reflection of planar curves, the set of base points 

of $1^ is never empty. We give a general formula expressing the degree (with multiplicity) 
of T,s{Z) in terms of intersection numbers of Z with a particular curve (called reflected polar 
curve) computed at the projection on Z of the base points of ^,^. 

The paper is organized as follows. Section [1] is devoted to the (complex) projectivization of 
orthogonality in the real euclidean affine 3-space (which plays a crucial role in the present work) 
and its link with the ombilical curve. In Section [21 we construct the reflected lines. In Section 
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ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES 2 

[31 we use the reflected lines and the ramification method to define the caustic by reflection. In 
Section U we define the appropriate 2-covering Z oi Z and the rational map $. In Section [5l 
we determine precisely the base points of $|^. We define the reflected polar in section [6] and 
use it in Section [7] to establish a formula for the degree of the caustic by reflection. Finally, in 
Section [HI we precise a significative difference between the caustic by reflection studied in this 
paper and the focal loci of generic varieties considered in |15l [5]. 

We denote by W^ the plane at infinity oi^'^: W^ = {\x : y : z : t\ ^^"^ : t = 0}. 
1. AfFINE and PROJECTIVE PERPENDICULARITY, LINK WITH OMBILICAL CONJUGATION 

Consider the real euclidean affine 3-space E3 of direction the 3-vector space E3 (endowed 
with some fixed basis). Let W := (E3 © M) (g) C (endowed with the induced basis). Let 
j : E^ ^^ P^ := P(W) be the natural map defined on coordinates by j{x,y,z) := [x : y : z : 1] 
for every rn{x,y,z) S £^3. We are interested in the interpretation in the plane at infinity of 
P^ of perpendicularity at a point of two affine subvarieties of E3. Consider the two following 
quadratic forms 

q{x,y,z)=x +y +z on E3 (g) C and Q{x,y,z,t)=x +y +z on W. 

Definition 1. The ombilical curve o/P^ is the irreducible conic Coo '■= ^(Q|w°=) — ^il) '^ 
P(E3 (8 C) . We call cyclic point any point of Coo ■ 

We recall that every (complex projectivized) sphere contains Coo- It is worth noting that, for 
every m € E3, we have the following classical diagram 

E3 A P(W) i^ W\{0} 

\ 

where 11 is the canonical projection and with S,rn is defined on coordinates by (,m{lR+ ix,y,z)) = 
[x : y : z : 0]. Given any vector subspace V C E3, the projective subspace V := j{rn + V) of P'^ 
(where K denotes the Zariski closure of K) is the complex projectivization of the affine subspace 
y = m + V of £3. We observe that CmiV) is Voo ■= V nn°°. 

An affine line L (resp. an affine plane H) containing m £ E^ is defined by m + Vi (resp. 
m + V2) with Vi an i-dimensional subspace of E3. Recall that the (complex) projectivization 
C of L (resp. Ti of H) is the projective line (resp. plane) of P^ of equations obtained by 
homogeneization of the equations of L (resp. H). 

Hence, two lines L, L' containing m are perpendicular at m if and only if their points at 
infinity are conjugated with respect the conic Coo ■ 

A line L and a plane H containing m are perpendicular if and only if Tioo is the polar of ioo 
with respect to the conic Coo in ^°° — I"^- This leads to the following definition of projective 
normal lines to a plane. 

Definition 2. Let U = V{h) C P^ (with h G W^ \ {0}; he a projective plane and m G -^ \?^°°. 
The normal line N'mi'H) to Ti at m is the line containing m and Uooi'H) := n(K(V/i)) with 
K : W — )• W defined on coordinates by K{a,b,c,d) := (a, 6, c, 0). 

Remark 3. Given a projective plane Ti C F'^ 0~L ^ 'H°°), if Uooi'H) = [u : v : w : Q\ lies on 
the ombilical (i.e. {u,v,w) lies on the isotropic cone V{q) in E3 (8> C), then the line T-Loo is 
tangent to Coo o-t '^oo(^) in 71°^ . In this case we have Mm{T~L) C %. 
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Let m = n(m) be a non singular point of ^ \ 71°°. We write Tm{Z) for the projective 
tangent plane at m to Z. We also define the projective normal line J\fm{Z) at m to 

Z is the projective normal line to Tm{Z) at m, i.e. Mm{Z) is the line containing m and 

noo,m(^) = n(K(VF(m))). 

Observe that the line at infinity Too,m{Z) of Tm{Z) is the polar of the point at infinity 

'noo,m{Z) oi Afm{Z) with respect the conic Coo- 
Later, we will see that the base points of the reflected map can be seen on the geometry on 

the normals at infinity with respect to the ombilical. In particular isotropic tangent plane to Z 

containing S will play some role. 

Definition 4. A plane Ti = V{h) (with h € W^ \ {0}) is said to be isotropic if V/i is an 
isotropic vector for Q. 

Remark 5. A plane V. C F"^ is isotropic if and only if either it is the plane at infinity 71°° or 
if iT-ooiTi) is in Coo (i-s. Ti contains its normal lines). 

In particular, the surface Z admits an isotropic tangent plane at one of its nonsingular point 
m[x : y : z : 1] a and only if m belongs to V{Q(VF), F). We note that the whole curve Coo is 
contained in every complex projectivized sphere Sr and that we have MmiSr) C Tm{Sr) for all 
m G Sr\ 71°°. This is also true for tori. 

Consider some particular points on Z, playing a particular role in the construction of the 
caustic map. Let Bq := V{F, AsF,Q{VF)) in P^, the interpretation in the plane at infinity is 
the following one. Let m be a nonsingular point of Z\ 7i°° then 

S £ Tm{Z) ^^ r (mS) C Tm{Z) ^^ r imS)oo G %o,miZ) 

1^oo,m{-^ ) t Coo 1^ ^oo,m(,^j G Coo |^ loo,m{^) ^ ' rioo m{Z)y^oo) 

(1) 

We observe that Bq is in general a finite set, but that, for the unit sphere, Bq is a curve (the 
circle apparent contour of Z seen from S). 

Let us now specify some additional notations used in this paper. We write S{xo,yo,ZQ,to) G 
W \ {0}. For any m[x : y : z : t] £ P^, we will write m{x,y,z,t) G W \ {0}. For any d' > 1 
and any G G Sym'^ (W^^), we write as usual Gx,Gy,Gz,Gt G 5ym'^^^(W^) for the partial 
derivatives of in x, y, z and t respectively. 

2. Reflected lines 

The incident lines are the lines {S m) with m £ Z. We will define the reflected line TZm as 
the orthogonal symmetric of {S m) with respect to the tangent plane to Z at m. To this end, 
we will define the orthogonal symmetric a{m) of S with respect to the tangent plane to Z at 
m. Let us first explain how one can give a sense to the notion of orthogonal symmetries in P^ 
by complex projectivization of the euclidean affine situation. 

2.1. Orthogonal symmetric and map a. To every injective linear map W — ?• W, corre- 
sponds a unique morphism P(W) —?■ P(W). Therefore, to every injective affine map E^ —^E^, 

corresponds a unique algebraic map P(W) —?■ P(W). This defines an injective groups homomor- 
phism L : Aff{E3) ^E3xG^(E3) ^ P(G/(W)) such that ^(/^(Ss)) = /-(Eg xO(E3)) cF{0{Q)), 
with Q = x"^ + y"^ + z'^ + 1"^ on W. We apply this to the orthogonal symmetry sh with respect 
to some affine plane H = V{h) C E3 with h = ax + by + cz + d. Recall that sh is defined by 



m £ Bq 



ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES 4 

sjj{P) = P -2h{P)-^ This leads to the morphism sy, := i{sh) : p3 ^ p3 defined by P(s/,) 
with 

VP G W, s,,(P) := Q{Vh) ■ P - 2/i(P) • k(V/i) G W, 

with T-L = V{h) C P^ and with h = ax + by + cz + dt the honiogeneized of h. Now we extend 
this definition to any projective plane "H C P^ as follows. 

Definition 6. Consider a plane % = V{h) C P^ (with h G W^\{0}j. We define the orthogonal 
symmetry s-^ with respect to T-L as the rational map given by s-^ = P(s/i) with 

VP G W, s,,(P) := Q(V/i) • P - 2/i(P) • fv(V/i) G W. 

We can notice that, when T-L ^ T-L^, s-}{{P) is well defined in P^ except if Ti is an isotropic 
plane containing P (see Proposition [7]) . For any non singular m[x : y : z : t] & Z, we define 
'^(m) ■■= sr^ziS) = P(cr)(m) with 

cr := Q(VF) • S - 2AsF • k(VF) G W on U-^{Z), 

with AsF the equation of the polar hypersurface of Vs{Z) given by As-F := DF ■ S (where DF 
is the differential of F). We extend the definition of a{vn) to any m G W \ {0}. Observe that 
a defines a unique rational map a : P'^ ^ P'^. 

Proposition 7. The base points of the rational map ai^ dfe the singular points of Z, the points 
of tangency of Z with H^ and the points at which Z has an isotropic tangent plane containing 
S. 

Proof. We prove that the base points of a are the points of P'^ such that F^ = Fy = F^ = or 
such that Q{VF) = and As-F = 0. It is easy to see that these points are base points of a. 
Now let m = [x : y : z : t] he a point of P^ such that a{m) = 0. 

• If As(F) = 0, then, since S 7^ 0, we get that Q{VF) = 0. 

• If QiVF) = 0, then either AgF = or k(VF) = 0. 

• Assume now that QiVF) 7^ 0. We have Q{VF) ■ S = 2AsF • k(VF). This implies 
that k(V-F) is non zero and proportional to S (which is also non zero), so that tQ = 
and = yoFx — xoFy = z^Fy — yoF^ = xqF^ — zqFx- Therefore, writing a^^' for the ith 
coordinate of <t, we have 

= ct(i) = Q{VF)xQ - 2{xoF^ + yoF^Fy + zqF^F,) 

= Q{VF)xo - 2{xqFI + xqF^ + xoFi) = -Q{VF)xq. 

In the same way, we get = a^^) = -Q(yF)yo and = cr^^^ = -Q{VF)zo. This 
contradicts the fact that Q{S/F) ^ (since S 7^ 0). 

D 

Remark 8. Each a^^' belongs to Sym?^'^~^'{'W'^). Moreover, for a general {Z,S), the set 
y 



V{F, Fx, Fy, Fz) is empty and the base points ofa\2 are the 2d{d—l)'^ points ofV{F, Q{VF), AsF). 



2.2. Refiected lines. 

Definition 9. For any m a Z, the refiected line TZm on Z at m is the line {ma{m)) when it 
is well defined. 

Definition 10. We write A4s,z for the set of points m G P^ such that m and cr(ni) are 
proportional, i.e. 

Ms,z-={meF^ : 3[Ao:Ai]gP\ Aq • m + Ai • cr(m) = 0}. 
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Observe that TZm is well defined if m € 2 \ A4s,z- 
Proposition 11. We have Z n Ms,z = 2(1 (Base(o-) U {S} U W), with 

W -.= {171^2 : m = noo,m{^), AsF(m) / 0, Q{m) = 0}, 
with noo,m(^) := n(K(VF(m))). 

Proof. We prove Z n A^5,2 ^ Z f] (Base{a) U {S"} U W), the inverse inclusion being clear. Let 
m € {Z n ^As,z) \ Base((T). Observe that, due to the Euler identity, we have = DF{in) ■ m 
and so = DF • cr = -AsF • Q(VF). If AsF = 0, then a = Q{VF) • S, so m = a{m) = S. 
If Q{VF) = 0, then cr = -2AsF • k{\7F). So m = a{m) = noo,m{Z); moreover AsF / and 
Q = 0. ' D 

3. Caustic by reflection 

Now, let us introduce some additional notations. We define Ns{m) as the complexified 
homogenized square euclidean norm of Sm by 

Ars(m) := (xto - XQtf + {yto - yotf + {zto - z^tf . 

We will also consider the bilinear Hessian form Hessi;' of F and its determinant Hp- Let us 
see how to construct two maps -0 = "0 : 2 — )• P^ such that the surface ^(2^) is tangent to the 
reflected line TZm at ip{m), for a generic ra ^ Z. Observe first that ^(m) is in TZm implies that 
^p{m) can be rewritten 

■0(m) = Ao(m) • m + Ai(m) • cr(m) G W \ {0}, 

with [Ao(m) : Ai(m)] € P^ for every tti £ Z. The main result of this section is the next theorem 
specifying the form of Aq and Ai (belonging to an integral extension of the ring Sym(W^)) 
which ensures that, for a generic m E Z, TZm is tangent to ipiZ) at Tp{m). 

Theorem 12. Let ip : U ^F"^ (with U 'Q Z) be given by 

il}{m) = Ao(m) • m + Ai(m) • cr(m) € W, 

with Ao(-) and Ai(-) in an integral extension of Sym(W^) such that 

a(m)(Ao(m))2 + /3(m)Ao(m)Ai(m) + 7(m)(Ai(m))2 = 

with a,f3,j £ 5yr?T,(W^) given by 

a := AsF G Sym'^-\W''), (2) 

/3 := -2 [HessF(S, cr) + {AsF)\F^^ + Fyy + F,,)] € Sym^''-\W) (3) 

and 

^■=-tMv2^sHf G Sym5'^-^(W^). (4) 



Then, for every m[x : y : z : t] £ Z \ V{tQ{VF)), the reflected line TZm is tangent to ip{Z) at 

It will be useful to introduce 

V(m, Ao, Ai) G W X C2, Qs,F(m, Aq, Ai) = a{in)Xl + /3(m)AoAi + -f{in)Xl 

One may notice that, for a fixed m, Qs,F(m; Aq, Ai) is a quadratic form in (Ao,Ai). Roughly 
speaking. Theorem [T2] states that the image of '(/'(•) = Ao(-) • id + Ai(-) • a{-) (for some Aq, Ai G 
Sym{'W'^)[y^P'^ — 4a7]) corresponds to a part of the envelope of the reflected lines TZm- More 
precisely: 
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Definition 13. The caustic by reflection Ss(^) of Z from S is the Zariski closure of the 
union on tp of the images ofip{Z), for the ip satisfying the assumptions of Theorem ] 1^ i.e. the 
Zariski closure of the following set 

{P G p3 : 3m G Z, 3[Ao : Ai] G P\ Qs,F(m, Aq, Ai) = anc/ P = Aq • m + Ai • a{m)}. 

Proof of Theorem] 1^ Let m[x : y : z : t] ^ Z \ V{t{Q{'VF))). We will use several times the 
Euler identity {xG^ + yGy + zGy + tGt = diG if G is in Sym'^^{W'^)). We use the idea of 
ramification used for example in [151 15]. The points of the caustic corresponding to m are the 
points n(Ao • m + Ai • <T(ni)) with [Aq : Ai] G P^ such that the rank of the Jacobian matrix J of 

j : (m, Ao, Ai) i-^ (Aq • m + Ai • cr(m), F(m)) 

is less than 5. We have 



J 



V 

with o"'*^ the ith. coordinates of a. 

(1) First, let us explain this briefly. Let V'(') be of the following form 

ip{m') = Ao(m') • m' + Ai(m') • cr(m'). 

We define the following property 

the line {ma{m)) is tangent to '0(^) ^^ ip{m). (5) 

Recall that we have assumed (Q(V-F))(ni) 7^ 0. Assume for example Fx{ni) ^ (the 
proof is similar if we replace F^ by Fy or by F^). Now, Property ([5]) means that there 
exists A G W^ \ {0} such that 

-F^im) 



+ Aiai^) 


A,.« 


Xia^P 




Ar.f^ 


X 


<j(i) \ 


Aiai^) 


Ao + Ai4^^ 


Ai.p) 




A,af) 


V 


a(2) 


Aiai^) 


xA'' 


Ao + Xiaf^ 




Ar.f^ 


z 


^(3) 


Mai'^ 


X.4' 


X,af^ 


A 


) + Ai.r) 


t 


^(4) 


F, 


Fy 


F, 




Ft 





/ 



y4(m) = 0, y4(cr(m)) = 0, A{{Dif>{m) 



\ 








/ 



A{{Dip{m)) 



( Fz{m) \ 


Fx(m) 




V 



and A{{Dil){m)) 



0, 



/ Ftim) \ 



and so that 

A{m) = 0, A{a{in)) = 0, ^(^,(m))F^(m) = F,(m)A('0^(m)), 

A(V'^(m))F,(m) = F^{m)A{'iP,{ui)) and A(t/^^(m))Ft(m) = F^(m)^(^tM). 
Therefore, by taking b := A{il},j.{in))/Fx{m), 

A{m) = 0, A(V,(m)) = F,(m)6, A(-0^(m)) = Fj,(m)6, 

^(■^^(m)) = F2(m)6 and yl(i/'t(m)) = Ft(m)6 
and so that the rank of the following matrix is strictly less than 5 



J :-- 



tp^ 



m 



F, 



ipy{m) 
F, 



•^^(ni) '0^(ni) m cr(ni) 
F, Ft 



G Mat5,6(C). 
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Let us write Cj the i-th column of J. We observe that the four first columns of J are 
respectively equal to Ci + {Xi)xCq + {Xq)xC5, C2 + {Xi)yCQ + (A^)yC5, C3 + {\i)zCq + 
(Aq )zC^ and C4 + (Ai)iC6 + (Aq )tC^. Therefore the J and J have the same rank and so 
([5]) means that rank{J) < 5. 
(2) Now we observe that, on Z, xCi + yC2 + zC^ + tC4 = A0C5 + XiCq. Since t ^ 0, C4 is 
a linear combination of the other columns and so the rank of J is strictly less than 5 if 
and only if the following determinant is null: 



i:>(m, Ao,Ai 



AO + Al CT; 

Aiai^) 



(1) 



(2) 

Aq + AlCJy 

Aiaf 
Aiai'^) 



Aicr 
Aicr, 



(1) 

2 

(2) 



Ao + AiCr. 



(3) 



Xial 



(4) 



X 


a^'' 


y 


a(2) 


z 


ct(3) 


t 


a(4) 









Now let us define 

t:=Q{VF)-S + 2 
Observe that 



{xto - xot)Fx + (yto - yot)Fy + {zto - zot)Fz 



2todF ,_^, 
(T+— k{VF) 



■ k{VF). 



(due to the Euler identity). Therefore, on Z, we have cr 
Z, we have 



T. 



Now we observe that, on 



i:>(m, Ao,Ai 



Ao + XiTx 



(1) 



XlTi 



(2) 



XlTi 



(3) 



xA'^ 



Ao + Xi4^^ 



AlT, 



iTy 



(3) 



AlT, 



iTy 



(4) 



AirP 

Air/^) 

Ao + AiT^ 

Arri^) 
F 



(3) 



y 

z 

t 





r(i) 

t(2) 

r(3) 




(6) 



with T^^' the ith coordinate of r. Indeed, if we write Li the i-th line of the matrix (with 
a) used in the definition of D and if we write Li the i-th. line of the matrix (with t) 
appearing in the above formula, we obtain (due to the Euler identity) that, on Z, we 
have Z/4 = L4, L5 = L5 and 



Li — Li + Al — ; — FxLq, L2 — L2 + Al — ; — 



FyLr,, L3 



L3 + A 



2tod 



FzLq. 



(3) On Z, we have 



D{m, Ao, Al) = ai(m)Ao + /3i(m)AoAi + 7i(m)Ai, 



(7) 



where ai, /3i and 71 can be expressed as follows (due to Euler's identity ensuring that 
-xFxto - yFyto - zFzto + ixoF^ + ty^Fy + tzoF^ = tAsF on Z) 



Qi := Q{VF)tAsF = tQ{VF)a 



(8) 



71 := 



/5i := --Q{VF)B 
-At-^Ns.Q{VF).AsF.hF 



(9) 
(10) 
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with the following definitions of hp and B. First, on Z, we have 



hp :- 



xy 



xy 



F, 



F F 



yy 



yz 



yz 



Fzz 



Fy 

Fz 





-F F F"^ -\-2F F F F — F F f"^ -i- F'^ F'^ 

^ xx^ yy^ z ' -^-^ xx^ y^ yz^ z ^ xx^ zz^ y ' xy^ z 
-Zt'xi'xy^yz^ z '^^xy^ii^xz^ z ~r '^fx^xy^y^zz \ '^t'x^ xz^ z^yy \ 



A_r'^ r'^ _2F F F F 

'-'^^xz-'^y ^-f^x-f^xz-f^jz-f^j/^ 



xy-^ J/-- 
^x^yy^zz + ^x^yz 



{d-l) 



;Hf, 



where Hp is the Hessian determinant of F 1^. Therefore 



At 



71 



{d-l? 



Ns.QiVF).AsF.HF = tQ{VF)^. 



:ii) 



Second 



-CJ . — UxJ^xx + ^y^yy ' '^z^ zz \ '^\^x,y^xy \ ^x,z^xz ~r £y^z-f% 



-y^z-^ yz), 



with 



{xQt - xtofiF^ + F^) + ((toy - tyo)Fy + {toz - tzo)F,f 
{xot - xtof{F^ + Ff ) + {toiyFy + zF,) - t{yoFy + zoF,)f 
{xot - xtof{F^ + Ff ) + {toixFx + tFt) + t{yoFy + zqF,)? 
{xot - xtof{F^ + F^) + {toxFx + t{toFt + yoFy + zqF,)? 



xto)\F^ + F^' 



{xot ^.^, y.y 

xHl{F^ + F^ + F^ 



+ {{tox-xot)Fx + tAsFf 



+ 2xtot[ 



-xo(F 

\2 



X ' y ' z 



+ F^AsF] + 



Wot^F^ + F^ + f2) + t\AsF? - Ixot^F^AsF 
xHl{Fl + F^ + Ff) + tAsF{2xtoFx - 2xotF^) + 
+t{F^^ + f2 + F^){xlt - 2xxoto) + t^AsFf, 



Indeed, if we write Ci for the i-th column of HessF, due to the Euler formula, on Z, we have C4 
(xCi + yC2 + zCz)/t (where V-F is the gradient of F)\ therefore 



!-VF- 



Hf 



Fxx 


F.y 


Fx. 


Fxt 




F.x 


Fxy 


Fx. 


Fx 


F.y 


-Fyy 


Fyz 


Fyt 


d-l 


F.y 


Fyy 


Fy. 


Fy 


Fx. 


Fyz 


F,, 


F.t 


t 


f.z 


Fy. 


f.z 


F, 


F^t 


Fyt 


F,t 


Ftt 




Fxt 


Fyt 


F,t 


Ft 



Now, if we write Li the i-th line of the above matrix, using again the Euler identity, on Z, we have L4 
^{Fx Fy F^ 0) - (xLi + yL2 + zLs) /t a.nd we get Hf ^{d~ if hp/t'^. 
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6y (resp. 6z) being obtained from Sx by interverting x and y (resp. x and z) and 
£x,y ■■= -{Iqx - XQt)Fy{{tQX - XQt)Fx + {Iqz - ZQt)Fz) 

-{toy - yot)Fx{{toy - yot)Fy + {toz - zot)Fz) + {tox - xot){toy - yot)F^ 
= {tox - xot)Fy[toyFy + totFt + xotF^ + zotF^] + 

Htoy - yot)Fx[toxFx + totFt + yotFy + z^tF^] + 

+{tox - xot){toy - yot)F^ 
= {tox - xot)Fy [toyFy + tAsF- tyoFy] + (toy - yot)Fx [toxF^ + tAsF- txoF^] + 

+{tox - xot){toy - yot)F^ 
= tlxy{Fl + F^ + Fl) + tAsF{{tox - xot)Fy + {toy - yot)Fx) 

+t{Fl + F^ + F^){txoyo - to{yox + yxo)) 

ex,z (resp. Ey^z) being obtained from Sx^y by interverting y and z (resp. x and z). On Z, 
we have 

= xFx + yFy + zFz + tFt and {d - l)Fw = xFxw + yFy^ + zFzw + tFt^, Vw G {x, y, z, t}. 
Therefore 
= x^Fxx + y^Fyy + z^Fzz + t^Ftt + 2{xyFxy + xzFxz + xtFxt + yzFyz + ytFyt + ztFzt) 
and so 

B = {Fl + F^ + F^){h + b2 + h) + 2tAsF64 + t\AsFf{Fxx + Fyy + Fzz), 
with 

6i = -tl{t^Ftt + 2t{xFxt + yFyt + zFzt)) = -tgt(2(d - l)Fj - tFu), 
h = t'^{xlFxx + ylFyy + zIFzz + 2xoyoFxy + 2xoZoFxz + 2yoZoFyz), 

63 = -2tto ^ {wo{xFxw + yFyw + zFzw)) 

wS:{x,y,z} 

= 2tto Yl {wo{tFt^ - {d - l)F^)) 

wS:{x,y,z} 

and 

64 = ^ Fi,{{tox-txo)Fxw + {toy -tyo)Fyw + {toz -tzo)Fzw) 

wS:{x,y,z} 

= 2_^ Fw{to{d — l)Fm — t{xoFxw + yoFyw + zoFzw + toFy,t)). 

wG{x,y,z} 

Putting ah these terms together, we get that B is equal to 
t^ [Q{VF) ■ Hessi.(S, S) - 2AsF • Hessp(S, k(VF)) + {AsFf{Fxx + Fyy + Fzz)] • 

and so 

B = t^ [HessF(S, a) + {AsFf{Fxx + Fyy + Fzz)] , 
which leads to 

/3i = tQ{VF)p. (12) 

Hence the points of the caustic associated to m are the points n(Ao • m + Ai • o-(m)) 
where [Aq : Ai] G P-*^ satisfies 

ai(m)Ag + /3i(m)AoAi + 7i(m)A? = 0, (13) 
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with ai, /?! and 71 given by 0, ([12]) and ([II]). Now, since tQ{\/F) / 0, ([l3]) means 
that Q(m)Ag + /3(m)AoAi + 7(m)Af = 0. 

D 

4. Covering space Z and rational map <I> 

We consider the algebraic covering space Z of Z given by 

Z:={{m,[Xo:Xi])eZxF^ : Qs,F(m, Aq, Ai) = 0}. 

This set is a subvariety of a particular algebraic variety denoted F(3)(— 2d + 3,0) (by extending 
the notations used by Reid in [13', Chapter 2] ) which corresponds to the cartesian product of sets 
P'^ X P^ endowed with an unusual structure of algebraic variety based on the following definition 
of multidegree multideg(P) for P G Sym{W'^)[Xo, Ai] = C[x, y, z, t, Aq, Ai]: 

multideg(x'*'y'''z"'t'^'A§'A{') = (a' + b' + c' + d' + {2d - 3)e', e' + /')• 

With this notion of multidegree, we have 

Sym{W)[Xo,Xi]= C^,,, 

fe,£>0 

where Ck/ denotes the homogeneous component of multidegree (k, I). Now, we define ¥(^-j{—2d+ 
3, 0) as the quotient of W x C^ by the equivalence relation ~ given by 

{x,y,z,t, Xo,Xi) ~ {x',y',z',t',XQ,X[) 

<^ 3fi,iy eC*, (x', y', z', t', Aq, X[) = {fix, fiy, fj,z, fit, fi^'^'^i^Xo, uXi). 

We observe that if'^(F(3)(— 2(i + 3,0)) corresponds to the set of P € C[x,y,z,t, Xo,Xi] with 
homogeneous multidegree multideg defined above. 

Now, since F E Sym'^{W'^), a £ Sym'^-^W'^), p £ Sym^'^-'^{W'^) and 7 G Sym^'^-^W'^), 
we get that F and Qs,F are in H^ {¥ (^^^{—2d+3, 0)). Therefore Z is a subvariety of F(3)(— 2(i+3, 0) 
since it can be rewritten: 

Z = {(m,[Ao:Ai])GF(3)(-2d + 3,0) : F(m) = and Qs,F(m, Aq, Ai) = 0}. 

Since each coordinate of a is in Sym ~^(W'^), the map $ : W x C^ — )• W given by 

$(m, Ao, Ai) := Ao • m + Ai • cr(m) G (C2(d_i),i)^ 

defines a rational map <I> : ^ ^ F^ with 

A' = {(m,[Ao:Ai])GF(3)(-2d + 3,0) : Qs,F(m, Aq, Ai) = 0}. 

Let us denote by B^ . the set of base points of the map ^,^, i.e. 

B^^.:={{m,[Xo:Xi])eZ : *(m, Aq, Ai) = 0}. 
We consider the canonical projection tti : F(3)(— 2(i + 3, 0) — )• P'^ (given by 7ri(m, [Aq : Ai]) = m). 
Notation 14. We write B := vri(i?<j, .). 

Observe that, for any m £ B, there exists a unique [Aq : Ai] G F^ such that Ao-m + Ai-cr(m) = 
0. This gives the following scheme 



B^ . ^ Z 


^ X 


^i|B<5 11:1 T^i\z i 2 : 1 


7ri|;^i2:l 


B ^ Z 


^ p3 
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Therefore #B<^ = #fi. 

Remark 15. The caustic by reflection T,s{Z) of Z from S corresponds to the following Zariski 

closure 

EsiZ) = $(Z) C P^ 

Note that B C A4s,z (with M.s,z defined in Definition [T0|) Due to the classical blowing-up 
theorem, we obtain the following result valid in the general case. 

Proposition 16. Assume that the set B is finite and that dini(Z n M.s,z) ^ 1- Then there 
exists 6 G N*U{oo} such that, for a generic point P S Tis{Z), we have #[vri(<I>|^ {{P}))\B] = 6. 

Proof. Observe that, by hypothesis, the set B^ . is finite. Now, applying the blowing-up result 

1-^ 

given in [81 Example II-7.17.3], we get the existence of a variety Z and of two morphisms 

TT : Z ^ Z and ^ : Z -^F^ such that 

• TT defines an isomorphism from it^^{Z \ B^) onto Z \ B^, 

• On TT~^{Z \ i?$), we have <l = <I> o vr, 

• $(Z)Js the Zariski closure of $(Z \ B^), i.e. $(Z) = ^^(Z), 

• dim(Z) = 2, 

• E := Z \ 7r^^{Z \ B^) is a variety of dimension at most 1. 

Let 6 be the degree of the morphism <1>. 

If ,5 = oo, then dim{T,s{Z)) < dim($(Z)) < 2. 

Assume now that 6 < oo. Since <1> is a morphism, every point of ^{Z) has 6 preimages by 

$ in ^{Z). Now, observe that dini{T,s{Z)) = 2 and that dim($(£^)) < 2. Therefore, a generic 
point of T^siZ) is in $(Z) \ [{Z n Ms,z) U ^{E)]. Let P in this set. We have 

= #{(m, [Ao : Ai]) G Z X pi : Qs,F(m, Aq, Ai) = and n(Ao • m + Ai • cr(m)) = P}. 

Observe that, for m G Z n Ms,z, ^i'^i^ii'm})) = {m} by Definition [TOl Since P ^ Z f] Ms,z, 
we know that ^7^{{P}) rnT^'^{Ms,z) = 0. So, for any m G Tri{^7^ {{P})) , there exists a 
unique [Aq : Ai] G P^ such that (m, [Ao,Ai]) G <^'^i{P}). Therefore 5 = #tti{<^^^{{P})) = 
#[M<^^^\{P}))\B] (since i^[7^^{'^^^\{P})) n B C mi-^^^'aP})) n Ms,z = 0- □ 

5. Base points of $ 

Proposition 17. The base points of ^,^ are the points {m, [Aq : Ai]) G Z satisfying one of the 
following conditions: 

(1) m G y(-F, Asi^, (3(VF)) (i.e. m G Sing{Z) or m is a point of tangency of Z with an 
isotropic plane containing S) and Aq = 0, 

(2) t = Ex = Fy = Fz = ^ and x^ + y"^ + z^ = Q (i. e. m is a cyclic point with TmZ = 1-1°°) 
and Aq = 0, 

(3) t = Fx = Fy = Fz = ^ (i.e. TmZ = 71°°) and Hp = and Aq = 0, 

(4) m = S £ Z and [Aq : Ai] is the unique element ofF^ such that Aq -111 + XiQ^VE) -8 = 0, 
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(5) m is a cyclic point (i.e. m G Coo), [Aq : Ai] = [2AsF{Fxx + Fyy + Fzz) : 2d — 1] j^ [0 : 1] 
and {F^x + Fyy + F^^) ■ m = {2d - 1)k(VF). 

Proof. Let us prove that any base point (m, [Aq : Ai]) has one of the form announced in the 
statement of the proposition (the converse being direct). Let {m, [Aq : Ai]) € B^ . . By definition 
of $, we have = Aq • m + Ai • cr(m). So m € ^ n A4s,z and these m have been determined in 
Proposition [TTl 

• Assume first that cr(m) = 0. Then the unique [Aq : Ai] £ ¥^ satisfying Ao-in+Ai-cr(m) = 
is [Aq : Ai] = [0:1]. Hence Aq = 0, Ai 7^ and so Qs,f{^^, Aq, Ai) = 7(m)Af . 

If AsF(m) = and Q(VF(m)) = 0, then 7(111) = o'. 

Otherwise, according to Proposition [71 we have Fx = Fy = F^ = and so t = 0. Now, 
we have 7(m) = if and only if (x^ + y^ + z'^)t^HF = 0. 

• Assume now that m = S and a{m) 7^ 0. Then As-F(m) = and so a{m) = (5(VF(m)) • 
S. We consider the unique [Aq, Ai] such that Aq • m + Ai • cr(m) = 0. Observe that Aq 7^ 
and that Ai 7^ 0. Since As-F(m) = 0, we have Qs,F(m5 Aq, Ai) = /3(m)AoAi. But 
/3(m) = — 2Hessir^m(S) cr(m)) = due to m = 5 = a{rn). 

• Assume finally that m G W. We have As-F(m) 7^ 0, x^ + y^ + z^ = 0, m = [F^(m) : 
Fy{m) : Fj(m) : 0], i = and o-(m) = -2AsF(m)K(VF(m)). Since t = 0, it follows 
that A^s(m) = (x^ + y"^ + z^)tl = and so that 7(01) = 0. Let [Ao,Ai] G P^ be 
such that Ao • m + Ai • a{m) = 0. We observe that Ai 7^ and Aq 7^ 0. We have 
a(m)AQ = AsF(m)AQ and 

-2 • HessF,m(S, <T(m))AoAi = 2 HessF,m(S, m)A^ = 2{d - 1) AsF(m), 

since {d — 1)F^ = xF^w + yFyw + zFzw + tFtw for every w € {x, y, z}. Hence we have 

gs,F(m, Ao, Ai) = i2d - l)AsF(m)Ag - 2(AsF(m))2(F,,(m) + Fyyim) + F,,(m))AoAi. 

Hence (5s,F(m5 Aq, Ai) = if and only if Aq/Ai = 2As-F(m)(Fa;a;(m) + Fyy{ni) + 
Fzz{''na.))/i2d — 1). We conclude by using Aq • m + Ai • cr(m) = and the formula 
obtained for <T(m). 

D 

Corollary 18. A point m is in B if and only if it satisfies one of the following conditions: 

(1) m G Bq = V{F,AsF,Q{VF)), i.e. m is a singular point of Z orm is a point of tangency 
of Z with an isotropic plane containing S (see also ^^), 

(2) m is a point of tangency of Z with T-L°° and m lies on the ombilical curve Coo, 

(3) m is a point of tangency of Z with 71°° and m lies in the hessian surface of Z, 

(4) m = S (^Z, 

(5) m lies on Coo o-nd {F^x + Fyy + F^z) ■ m = {2d — l)n{S/F). 

This can he summarized in the following formula 

B = Zn [V{AsF, Q(VF)) U {S} U V{Hf ■ Q, n{VF))oo U ^oo], 

with Qoo = {m e Coo ■ {Fxx + Fyy + Fzz) ■ m= {2d - 1)k{VF)}. 

Remark 19. The set B is never empty. Except (iv), the forms of the base points are very 
similar to the base points of the caustic map of planar curves (see \^\). 

For a general {Z,S), the set B consists of the points at which Z admits an isotropic tangent 
plane containing S, i.e. B = Bq = V{F,AsF,Q{VF)), and in general Z has no singular point 
and Bq n 7i°° = 0. In this case B is fully interpreted by (QP. 
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6. Reflected Polar curve 

Let H G Pic(P^) be the hyperplane class. We will identify 7ri^*(<l)*i7^) G A2(P^) with the 
class of sets Va,b ^ P^ defined as follows. 

Definition 20. For any A, B € W^, we define the set Da,b ■= V{A,B) C P^ and the reflected 
polar 'Pa,b by 

Va,b = t:i{^-\Da,b)) U 7ri(Sase($)), 
i.e. Va,b corresponds to the following set: 

{m G P^ : 3[Ao, Ai] G P\ A(Aom+Aicr(m)) = 0, S(Aom+Aicr(m)) = 0, Qs,F(m, Aq, Ai) = 0}. 

Observe that (imiMs,z ^ 1 since Base(o") C A4.s,z (see Definition [10] for the definition of 
Ms,z)- 

Proposition 21. Assume that (\vaiM.s,z = 1- For generic A,B in W^, Da,b is a line and 

VA,B = ViKi,K2,K3),with 

i^i(m) := A{a{m))B{m) - A(m)B(cr(m)), K2(m) := Qs,F(m, -A(cr(m)), ^(m)), 

i^3(m) :=Qs,F(m,-B(cr(m)),5(m)). 

Proof. Assume that Da,b is a line that does not correspond to any line {ma{m)) for m G 
P^ \ M.s,z (this is true for a generic {A, B) in (W^)^) and does not contain any point of M.s,z 
(this is true for generic {A,B) in (W^)^ since dimMg^z = !)• Hence 

y(A, 5, ^ o cr, S o cr) =0 in P^ (14) 

Let m G Va,b and [Aq : Ai] G P^ be such that A(*(m, Aq, Ai)) = = B(*(m, Aq, Ai)) = and 
(5s,F(m5 Aq, Ai) = 0. This implies that 

Ao • A{m) + Ai • A{a{m)) = = Aq • B{m) + Ai • B{a{m)). 

Hence [—A[a{m)),A{m)) and (— i?(cr(ni)), i?(ni)) are proportional to (Aq, Ai). Since Qs,F(m, Aq, Ai) 
0, we conclude that m is in V{Ki^K2,K3). 

Conversely, assume now that m is a point of y(i^i,i^2) -f^s)- According to ()14p . we have 

^(m) / or B{m) / or yl(cr(m)) / or B{a{m)) / 0. 

Observe that {—A{a{m)),A{m)) and (— i?(cr(ni)), i?(ni)) are proportional and at least one is 
non null. Let [Aq : Ai] be the corresponding point in P^. we have 

^(Ao • m + Ai • <T(m)) = and B{\q • m + Ai • <T(m)) = 0, 

(5s,F(m, Ao,Ai) = 0. 

D 

Notation 22. We write Bsz for the set of points m G P'^ for which Qs F(m) Aq, Ai) = in 

C[Ao,Ai]. 

Observe that, for m G ¥'^\Bs^z^ there are at most two [Aq : Ai] G P"*^ such that Qs^i?(ni, Aq, Ai) = 
0, and so #(^ n vrf ^(m)) < 2. 

Remark 23. According to the expressions of a, a, (3 and 7, we have 

Bs,z = V{a,^,j) = y(AsF,Hessi.(S,S) • Q(VF)). 
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We observe that dim. Bs,z > 1. Observe that {A4s,z U Bs^z) is the set of m G P^ such 
that $(7r~^({m})) = Yi(y ect{m., a (m))) . When m G Ms^z, ^{'^^^{{'<^})) = {"^} and when 
m G Bs^z, $(7r-i({m})) = U^n- Recall that B = ■ki{B^^^). 

Proposition 24. Assume that dvca.{Bs^z U ■M.s,z) = 1 (ind that ^B < oo. Then, for generic 
A,B gW^, dimVA,B = 1 and degV a,b = {2d - l)h{d - I) . 

Proof. As in the proof of the preceding proposition, we consider generic {A,B) G (W^)^ such 
that ()14p holds true. Since dimi?^^^ ^ 1> we also assume that this generic {A,B) G (W^)'^ 
satisfies 

#{m G Bs,z ■■ Tim n Da,b / 0} < oo, (15) 

where 7^^ is the line {ma{m)). Recall that Va,b = y{Ki,K2,K-i). First, we observe that 
Ki G Synn?'^^^{^^) (it is non null for generic {A,B) since dimA^^^^ ^ 1) whereas ivr2,-fr3 G 
Sym^\'^~'^'{^^). Now, if ?7i is a point of P^ \ V{A, A o cr), then the following equivalence holds 
true 

m G Pa,b <^ m G y(i^i, K2) 
and that, if m is a point of P^ \ V{B,B o a), then m G 'Pa,b <^ V £ V{Ki,K3). Therefore 
dimpA,BG{l,2}. 



• Let us prove that diin'PA,B = 1- Assume first that dim(S5(^)) < 1. Then, for generic 
{A,B) G (WV)2, we have ^s{2) n L>ab = 0. Therefore, 7ri{<^-} {Da b)) = and so 

-2 n Va,b = B is a finite set, which implies that dim7-'A,B < 1- 

Assume now that diui{T,s{Z)) = 2. Let us consider a generic {A,B) G (W^)^ such 
that #{T,s{Z) n Da,b) < 00 and such that, for every P G ^^(Z) n Da,b, we have 

#[vri(<I>^^({P}))\5]=5, 

(see Proposition [T6]l . This implies that #iti{^7'~ {Da,b)) < 00 and so ^{Zr\VA,B) < 00 
(since #B < 00). Hence dimP^^^ < 1 since dimZ = 2. 

• Let {A,B) as above. Since diniVA,B = 1, degPyi^s corresponds to if{VA,B H 'H) for a 
generic plane % in P^. 

Since dimTW^^^ = 1) foi' a generic {A,B) G (W^)^, we have dimy(A, A o <t) = 1 
and dimy(B,i? o cr) = 1. Since diTa.VA.B = l, we conclude that dimy(i^i, i^2) = 
diva.V{Ki^K^) = 1. Moreover, for a generic {A^B) G (W^)^, we have 

#^ < 00, with E := V{A, Aoa, K3) U V{B, Boa, K2) < 00. 

Indeed, let us explain how we get i^V{A,A o <T,i^3) < 00. Let m G V{A,A o a). 
According to dHD, [—B{a{m)) : i?(m)] G P^, therefore —B{a{Ta\)) ■ m + B{vn) ■ a{xn) is 
in TZm n Da,b- According to (fTCj) . we obtain #(1/(A, A o cr, ETs) n -85,2) < 00. Now, for 
m G V{A, Ao(j)\Bs,z, there are at most two [Aq : Ai] G P^ such that Qs,f{^t^, Aq, Ai) = 0, 
therefore, for a generic B, 

#{(m, [Ao : Ai]) eX: me V{A, Aoa)\ Bs,z, B{^{m, [Aq, Ai])) = 0} < 00 

and so #{V{A,A o ct,K3) \ Bs,z) < 00. This implies i^V{A,A o cr,i^3) < 00 for a 
generic (^4, 5) G (W^)^. In the same way, we get ^V{B,B o a,K2) < cxd for generic 

{A,B)e{Wf. 

Now, for a generic hyperplane Ti (containing no point of E and such that #H D 
V{Ki,K2) = (2d - l)5(d - 1)), we have 

degT'^.B = #?^ n Va,b = #nn v{f^,F2) = {2d - i)5{d - 1). 

n 
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7. A FORMULA FOR THE DEGREE OF THE CAUSTIC 

Recall that B has been completely described in Corollary [18] (see also Remark [19] for the 
general case). We refer to Definition IIUI and Proposition [TT] for Ais,z and to Notation 1221 and 
Remark [53] for Bs^z- 

Proposition 25. Assume that dim.A4s,z = 1; that #{Bs,z n Z) < oo and that #B < oo. 
//dim(E5(2)) < 2, for a generic {A,B) G (W^)^, we have 

= 5did - l){2d - 1) - Y,imi2,VA,B)- 

If dim(Tis{2)) = 2, for a generic {A, B) £ (W"^)^, if ^ < oo, we have 

mdeg(Ss(^)) = Mid - l)(2(i - 1) - J^ im{2,VA,B), 

meB 

where mdeg(Tis{Z)) is the degree with multiplicity of {T,si2^)) ('>TT'deg{T,s{Z)) = 6 deg{T, si^)), 
see Proposition [T^ for the property satisfied by 6), where d is the degree of the polynomial F 
such that Z = V{F) and where im{Z^VA.B) denotes the intersection number of Z with Va,b o-i 
point m. 

Let us notice, that in this formula, we can replace im{Z,VA,B) by imiZ,V{Fi,F2)), with the 
notations of the proof of Proposition [ 



Proof of Proposition \2^ First observe that for a generic (^4, B) in (W^)^, we have deg('P^^B) = 
5(d-l)(2d-l). 

If dimS5(Z) < 2 (i.e. 5 = cxd), taking {A,B) such that d&g{VA,B) = 5(d - l)(2d - 1) and 
Da,b n T,s{Z) = 0, we have Va,b ri Z = B and so 

5d{d - l){2d - I) = deg{Z)deg{VA,B)= J2 im{Z,VA,B) 

meznVA.B 

= XI '^rn{Z,VA,B) = ^ im{Z,VA,B)- 
m£B meB 

Assume now that dim'EsiZ) = 2 (i.e. that 5 is finite). We consider {A,B) such that the 
following conditions hold true: 

(0) Da,b is a line containing no reflected line TZm = {ma{m)) {m € Z), 

(1) deg(7'A,B) = 5(d-l)(2d-l), 

(2) the points P G Da.b H T.s{Z) are such that #[7ri($ -^({P})) \B] = 5 (this is generic 



according to Proposition I16p . 

(3) For any P G Da,b H T,s{Z), we have ip{T,s{Z)^DA,B) = 1 (this is true for a generic 
{A,B) since T,s{Z) is a surface), 

(4) the line Da b intersects no reflected line IZm with m G Bg z (this is generic since 

#(2nS5,2)<oo), 

(5) for any m G {Va,b f^ Z)\B, we have im{Z,VA,B) = 1 (this is explained at the end of 
this proof). 



E 
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Due to (1), we have 

5d{d - l){2d - 1) = deg{Z)deg{VA,B)= Y. im{Z,VA,B) 

meZnVA,B 
= 'Yim{2,VA,B)+ ^ imi2^,VA,B)- 

meB me{znVA,B)\B 

Now, we have 

im{Z, Va,b) = #((2 n Va,b) \ B) due to (5) 

mg{2n-PA,s)\6 

= #[7ri(c|>^l(^A,B))\S] 

= 5#{lls{Z)nVA,B) due to (2) 

= 6Y,^p{T.s{Z),VA,B) = 5deg{lls{Z)) due to (3). 
p 

Let us now explain why (5) is true for a generic (A, B). Let m G {'Pa,b ri Z) \B. Due to (4), 
m G 7ri($^ {Da b)) \Bs z- We consider the cone hypersurface ICz of W associated to Z. Since 

I 

m £ Z \ Bs^z, there exist two maps ip^ : U ^ F^ defined on a neighbourhood [/ of m in F^ 
such that, for any m £ U, ^{tt^ ({wi})) = {ip^ (m) , ip^ (m)} . Let e G {+,— } be such that 
$(7rj~ {{m})) n Da,_b = {'(/'^(m)} (tl)^ is unique for a generic m £ Z according to (0)) and the 
tangent space to Va,b at m is given by 

V{A o D7p%m),B o Z)V^(m)), 

where Z)^ (m) are the jacobian matrices of ip taken at m. Now, with these notations, for a 
generic m in Z, D^^(m) are both invertible. This combined with (3) gives the result. D 

8. About a reflected bundle 

Recall that Oz{—l) = {{m,v) £ Z x W : v G m}. Observe that the set R(— 1) of {m,v) in 
the trivial bundle Z x W such that v corresponds to a point of P^ on the reflected line TZm is: 

R(-l) = Ozi-l) + {{m,v) eZ xW : v e a{m)}. 

Observe that this sum is direct in the generic case (when S ^ Z and when W = 0, see Proposition 
[TT]) . But, contrarily to the normal bundle considered in [IHIS] to study the evolute, R(— 1) does 
not define a bundle since its rank is not constant. Indeed, the dimension of Vect{in,a{ni)) 
equals 2 in general but not at every point m G 2 (it is strictly less than 2 when m is a base 
point of o"[2 and, as seen in Proposition [71 such points always exist). 
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